Use Inductive
Reasoning

You ciassified polygons by the number of sides.
You will describe patterns and use inductive reasoning.
So you can make predictions about basebatl, as in Ex. 32.

Key Vocabulary Geometry, like much of science and mathematics, was developed partly as &
+ conjecture result of people recognizing and deseribing patterns. Tn this lesson, vou will
« inductive discover patterns yourself and use them to make predictions,

reasoning

» counterexample

Describe how to sketch the fourth figure in the pattern. Then sketch the
fourth figure.

Figure 1 Figure 3

Selution

ttach circle is divided into twice as many equal regions

as the figure number. Sketch the fourch figure by

dividing a circle into eighths. Shade the section just

above the horizontal segment at the left. Figure 4

Describe a number patiern

: READ SYMBOLS i Describe the pattern in the numbers -7, —21, —63, —189, ... and write the

The three dets (.. ) tell next three munbers in the pattern,

H the patiern . . . . .
: gg:l::ﬂés ¢ paile Notice that each number in the pattern is three times the previous namber,
-7, =21, -63, -84, ...
e T ¥~ T
®3 w3 ®3 X3

x

¥ Coneinue the pattens, The next three numbers are - 567, ~1701, and ~5103.

{*}!ﬂmﬂﬂceommw at classzone.cam

v/i GUIDED PRACTICE | for Examples 1 and 2

1. Sketch the fifth figure in the patlern in Example 1.

2. Describe the pattern in the numbers 5.0, 5.03, 5.05, 5.07, . . .. Write the
next three numbers in the pattern.
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INDUCTIVE REASONING A conjecture is an unproven statement that is based
on ebservations. You use inductive reasoning when you find a pattern in
specific cases and then write a conjecture for the general case,

Given five collinear points, make a conjecture about the number of ways Lo
connect different pairs of the points.

Solution

Muke 4 table and look for a pattern. Notice the pattern in how the number of
connections increases, You can use the pattesi w make a conjectiers,

CHumber of

peinte. 2 } ¢ >
. -— “owla S 2.
g H
 Muwiberof B i
(-tonmections 0 : 1 3 6 ?
+ ] £ 2 +3 + 2

Numbers such as 3, 4, and § are called consecutive numbers. Make and testa
conjecture about the sum of any three consecutive numbers.

Solution

STEP Y Find a pattern using a few groups of small numbers,
34+440=12=4:+3 T+8+9=24=8-3
16+ 1L+ 12=33=11-3 WG+ 17+ 18=51=17+3

# Conjecture The sum of any three consecutive integers is three times the
second number.

[ $TEPZ Testyouwr conjecture using other numbers, For example, test that it
[ works with the groups -1, 0, I and 106, 101, 102,

! ~l el =0=0-3/ 100 + 101 + 102 = 303 = 101 - 3 /

' Guibeo Pracrice forExamples 3andd4

3. Suppose you are given seven collinear points. Make & conjecture about the
number of ways to connect different pairs of the points.

4. Make and test a conjecture about the sign of the product of any three
negative integers.
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DISPROVING CONJECTURES To show that a conjecture jis true, you must show
that itis true for all cases. You can show that a conjecture is false, however, by
simply linding one corterecample. A counterexample is a specific case for
which the conjecture is false.

A student makes the following cenjecture about the sum of two numbers.
Find a counterexample to disprove the student’s conjecture.

Conjecture The sum of two numbers is always grearer than the
larger number,

Solution

To find a countergxample, you need to find & sum that is less than the
larger nunmber.

R L
~5% -3

¥ Because a counterexample exists, the conjecture is fakse.

Which conjecture could a high school athletic director
; make based an the graph at the right?
ELIMINATE CHOICES

{ Because fhe graph does @A Mare boys play soccer than girls

i notshow dataabout  © (B More girls are playing saceer .

i boys ar the World 5 today than in 1995. 5 i

U Cup games, you can . . 3 |

: eliminate chotcas : (@€ Mare peaople are playing soccer kA i

PAaand C : today than in the past because g i
the 1994 World Cup games were | = i ;
Bield in the United States., & 0 ERSREEN] NERE NN
- R i 1530 = L] iy 2805

@ The mnmber of girls playing soccer vear

was more in 1995 than in 2001,

Solution

Choices A and C can be eliminated because they refer to facts not presented
by the graph. Choice B is a reasanable conjecture because the graph shows an
increase from 1990-2001, but does not give any reasons for that increase.

¥ The correct answer is B, (& @ @& (B>

v Gue PracTice _for Examples S and 6

5. Find a counterexample te show that the following conjecture is false.
Conjecture The value of ¥ is always greater than the value of x.

6. Use the graph in Example 6 to make a conjecture that could he true,
Give an explanation that supports vour reasoning.

i
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2.1 EXERCISES

HOMEWORK! (7) - WORKED-0UT SOLUTIONS
HEY: onp.Ws1 for Exs. 7, 15, and 33

¥ = STANDARDIZED TEST PRACTICE
Exs.2.5,19,22, and 36

@i@ = MULTIPLE REPRESENTATIONS
Ex.35

onp 72
for Exs. 3-5

DEXAMPLE2

fonp. 72

i for Exs. 6-11

EXAMPLE 3
onp 73
for Ex. 12

EXAMPLE 4

fonp 73

for Ex. 13

H

1. VOCABULARY Write a definition of conjecrure in your own words.

2, % WRITING The word counrer has several meanings. Look up the word in
a dictionary. Identify which meaning helps you understand the definition
of counterexamyple.

SHETCHING VISUAL PATTERNS Sketch the next figure in the pattern.

Py

§. % MULTIPLE CHOICE What is the next
figure in the patternt?

_ ®

DESCRIBING NUMBER PATTERNS Describe the pattern in the numbers,
Write the next number in the pattern.

G 15,9, 13,... @3. 12, 48,192, ... 8. 10,5, 2.5, 1.25, ...
9. 4.3.1, -2, ... 10 'é:” 1. =5, ~2.4,13,...

MAKING CONJECTURES [n Exercises 12 and 13, copy and complete the
conjecture based on the pattern you obsecrve in the specific cases,

12, Given seven noncollinear points, make a conjecture abeut the number of
ways to connect different pairs of the points.

: Nﬁfsﬁﬁﬁfﬁf
_points. 3 ’
RS- »
Picture - FAN ?
[ R o Y
Humber of 5

| tonnections
Conjecture You can connect seven noncollinear points _7_ different ways.

13. Use these sums ofodd integers: 3+ 7= 10, § + 7 =8, 17 + 21 = 38
Canjecture The sum of any two odd integers is 2.

2.1 Use inductive Reasoning
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FINDING COUNTERENAMPLES In Exercises 14-17, show the conjecture is false
by finding a counterexample.

i for Exs. 14-17

14. If the product of twa numbers is positive, then the two numbers
raust both be positive,

i

: @ The product (a + b is equal {o at+ b foras=0and b0,
16. All prime numbers are odd.
17. [fthe product of two numbers is even, then the two numbers

must bath be even.

18, ERROR ANALYSES Describe and correct
the error in the student’s reasoning, True conjecture: All angles are acute.

Exarnple: c ><

189, % SHORT RESPONSE Lyplain why only one counterexample is necessary
te shivw that a conjecture is false.

€%% ALGEBRA [n Exercises 20 and 21, write a function rule relating x and y.

12 3
2 . 4 6 |

. 21.
i 2 3

g,
X
yoo3on2

22, ¥ MULTIPLE CHOICE What is the first number in the pattern?
_r 3,2 81,243,729
@1 @ 3 © 5 O 27

MAKING PREDICTIONS Describe a pattern in the numbers, Write the next
number in the pattern. Graph the pattern on a number line.

23, ajiz .. 24, 1,8,27,64, 125, ... 25, 0,45, 0.7, 0.95, 1.2, ...
{26, 1,3.6,10,15,... 27. 2,20, 10, 100, 50, .. . 28, (L405}, 0.4{6)", 04163, ...

29. €55 ALGEBRA Consider the pattern 5, 55, 502, 5%, L L. For what values of
rwill the values of the numbers in the patcern be increasing? For whar
valaes of 7 will the values of the numbers be decreasing? Explain,

REASORING A student claims thar the next number in the pattern

[, 2,4, ... is 8 hecause each number shown is tvo times the previous
number. Is there another description of the pattern that will give the
same first three numbers but will lead 1o o different pattern? Bplain,

30.

31

CHALLENGE Consider the pattern I, i%, l% . 1%. .

a. Describe the patterin Write the next three numbers in the pattern.
b. What is happening to the values of the numbers?
e. Make a conjecture about Bater numbers. Explain your reasoning.

= WORKED-OUT SOLUTIONS * = STANDARDIZED é§$ = MULTIPLE
76 on p. WS1 TEST PRACTICE REPRESENTAYIONS



Analyze Conditional
Statements

You used deflnitions,

You will wriie definitions as conditional statements,

So you can verify statements, as in Example 2.

Key Vocabulary

» conditional
statement
COnverse, inverse,
cantrapositive

s if-then form
hypothesis,
conclusion

» negation

= eguivalent
statements

« perpendicular lines

+ hiconditional
siatement

A conditional statement is a logical statement that has two parts. a
Diypathesis and a conclission. When a conditional statement is written in
if-then form, the "if” part contains the hypothesis and the “then” part
contains the conclusion. Here is ar example:

[fit is raining, then there are clouds in the sky.

. n
¥ 4

Hypothesis Conclusion

Rewrite a statement in if-then form
Rewrite the conditional statement in if-then form.
a. All birds have feathers.

b. Two angles are supplementary if they are a linear pair.

¢ Solution

First, identify the hypothesis and the conclusion, When you rewrite
the statement in if«<then form, you may need to reward the hypothesis
or conclusion,

a. All birds have feathers.
Ifare animal is 4 bird, then it has feathers.

b, Two angles are supplementary if they are a linear pair.

If two xngles are a Haear pair, then they are supplementary,

: GUIDED PRACTICE . for Example 1

Rewrite the conditional statement in if-then form.

1. AlF90° angles are right angles, 2. 2x+ 7= i becausex = ~3.

H

3. When =9, 1° = 8k

NEGATION The negation of a stalement is the opposite of the original statement.
Notiee that Statement 2 is aiready negative, so its negation is positive.
Statement 1 The ball is red.

Negation 1 The ball is not red.

Statement 2 The cat is norblack.
Negation 2 The cat is black,

2.2 Analyze Conditional Statements

4. Tourists at the Alamo are in Texas.



VERIFYING STATEMENTS Conditional statements can be trae or false. To
show that a conditional statement is true, you must prove that the conclusion
is rrue every time the hypothesis is true. To show that a conditional statement
is false, vou need to give only one counterexample.

RELATED CONDITIONALS To write the converse of a conditional statement,
exchange the hypothesis and conclusion.

i READ VOCABULARY Ty wrile the inverse of a conditional statement, negate both the hypothesis
5 To ﬂLJGIL’ part of a and the conclusion. To write the contrapositive, first write the eanverse and

8o

conditional statement,  then negate both the hypothesis and the conclusion,
! you write its negatlon. . -

Cond:lmna! statement lf mLA - 99" then “ZAlse obtuse

T

i
| "
E Cunverse If LA Is obtusc, 1[1en m.éA = 99". E ~— hoth both
§ Inverse If m£A # 99° then £A S5 not obiuse | g Talse  true
£ E
i
i

Comraposilive If £A s not ob!use, then m/A 99"

~ Write four related conditional statements

Write the if-then form, the converse, the inverse, and the contrapositive of
the conditional statement “Guitar players are musicians.” Decide whether
each statement is frue or fulse.

Solution

If-then form If you are a guitar plaver, then you are a musician.
Trute, glitars players are nwsicians.,

Converse If you are a musician, then you are a guitar player.
Frise, not 2l musicians play the guitar,

Inverse 1f voudre nota guitar player, then you are not a musician.
False, even if you don’t play a guitar, you can still be a musician.

Contrapositive 1f you are not a musician, then you are not a guitar
player. True, a persen who is not a musician cannot be a guitar player.

t/ GUIDED PRACTICE | for Example 2

Write the converse, the inverse, and the contrapositive
of the conditional statement. Tell whether cach
statement is frue or filse.

5. If a dog is a Great Dane, then it is jarge.

6. If a polygon is equiiateral, then the polygon is regular,

EQUIVALENT STATEMENTS A conditional staterient and its contrapositive
are either both true or both false. Similardy, the converse and inverse ofa
conditional statement are either both true or both false. Pairs of statements
such as these are called equivalent starements. In general, when (wo
statements are both true or both fatse, they are called equivalent statements.

Chapter 2 Reascning and Proof



DEFINITIONS You can write a definition as a conditional statement in if-then
form or as its converse. Both the conditional statement and its converse are
true. For example, consider the definition of perpendicilar lines.

1; Perpendicular Lines
I READ DIAGRAMS  1: Definition Tftwo lines intersect to form a righr angle, f
n & dizgram, a red {: then they are perpendicular lines.
square may be usedto  1- .. . . .
;‘dicale a ﬁﬂm angle 1+ I'he definition can also be written using the converse: ™
f=4 1= [P N » H . 7 3 H
or $hat two Intersecting 1 iFtwo hm_.‘? are perpendicular ines, then they inteesect
! fines are perpendicufar, -t form arighrangle.
I You can wrile *line # is perpendicular to line 2" as £ L o, 1im
Use definitions
Decide whether each statement about the
diagram is true. Explain your answer using B
the definitions you have learned. I
— Ay
a. AC L BD A £ £
o

b. £AEBand £CEBare alinear pair.

—p vy
¢. FA and EB are opposite rays.

solution

a. This statement is rrree. The right angle symbol in the diagram indicates
that the lines Intersect to form a right angle. So you can say the lings
are perpendicular.
b. This statement is rrue. By definition, if the noncommaon sides of adjacent
R R . e
angles are opposite rays, then the angles are alinear pair, Because EA
and EC are opposite rays, £ZAER and £ CEB are a linear pair.
This statement is false. Point £ does not lie on the same line as Aand 8,
50 the rays are not opposite rays.

g?;?,{llﬂﬂ!kw"ceome_try * o1 classzone.com

o

/: GUIDED PRACTICE | for ﬁx_amp_[g__s

Use the diagram shown. Decide whether each statement is true,
Fyplain your answer using the definitions you have learned.

7. L IMEFamgd £ PAG are supplementary.

8. Point M is the midpoint of FI.
9. ZfMEFand £ HMG are vertical angles,
© 10, FHL G

2.2 Analyze Conditional Statements 81



{or Exs, 3-6

82

EAD DEFINITIONS BICONDITIONAE STATEMENTS When a conditional statemend and its converse

| definitions can be . are both true, you can write them as a single biconditional sratenent, A

mterpreted forward and  biconditional statement is a statement that contains the phrase “ifand only if”
backward in this way,

Any valid definition can be written as a biconditional statement.

_Write a biconditional

Write the definition of perpendicular lines as a biconditional,

Solution

! pefinition i two lines intersect to form a rigitt angle, then they are perpendicular, ;

i Canverse If two lines are perpendicalar, hen they intersect to form a right angle, |

Bicanditional Two lines are perpendicular if and only if they intersedt o form
i arightangle.

1}, Rewrite the definition of right angle as a biconditional staterment,
12, Rewrite the statements as a biconditional.

Tf Mary is in theater class, she will be in the fall play. ITMary is in
the fail play, she must be taking theater class,

22 EXERCISES "™ O-wougoqzoumer
. HKEY: on p, WST for Exs. 11, 17, and 33
{ K = STANDARDIZED YEST PRACTICE
Exs 3, 25,29, 33, 34, and 35

1. vocaABULARY Copy and complete: The T of a conditional statement is
found by swirching the hivpothesis and the conclusion.

2, 5% WRITING Write it definition for the term coffinear points, and show
how the definition can be interpreted as a biconditional.
REWRITING STATEMENTS Rewrite the conditional statement in if-then form.
3. Whenx = 6, " = 36,
4. The measure of a steaight angie is 1807,
5. Only peopte who are registered are allowed to vote.

G. ERROR ANALYSIES Desoribe and correct the error tn writing the if-then
statenent,

Given statement: All high school students take four English courses. ><

f-then etatement: If a high school student takes four courses, then
ali four are English courses.

Chapter 2 Reasoning and Proof
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EXAMPLE 2
onp. 80
for Exs. 7-i5

onp. 81
for Exs. 16-18

{ EXAMPLE 4

oh p, 82
i for Exs. 19-21

EXAMPLES

VURITING RELATED STATEMENTS For the given statement, write the if-then
form, the converse, the inverse, and the contrapaositive.

7. The complementary angles add to 90 8. Ants are insects.

9, 3x+ 10 = 16, because x = 2. 10. A midpoint bisects a segment,

AMALYZING STATERMENTS Decide whether the statement is fruee or false, IT
faise, provide a counterexample.

@ If a polygon has five sides, then itis a regular pentagoen.

i

12, I £ A is 85% then the measure of the complement of £A 15 5%,
13. Supplementary angles are always finear pairs,

14, 1fanumber is an integer, then it is ragional,

15. If a number is a real number, then it is irrational.

USING DEFINITIONS Decide whether each statement about the diagram is
true. Explain your answer using the definitions you have fearned.

16, mZABC = 90 @ 76 1§ 18, ms2+ mes3 = 180°
4 a
? 3
- i N P
g8 C

REWRITING STATEMENTS In Exercises 19-21, rewrite the definition as a
biconditional statement.

1% An angle with a measure between 307 and 18(F is called abruse.

20, Two angles are a linewr pair if they are adjacent angles whose
nonconimon sides are opposite rays.

21, Coplanar points are points that lie in the same plane.

DEFINITIONS Determine whether the statement is a valid definition,
22, 1f two rays are apposite rays, then they have a coommaon endpoing.

23, If the sides of & rriangle are all the same length, then the riangle
is equilareral.

24. If an angle is a righr angfe, then its measure is greater than that of
an acute angle.
25, % MULTIPLE CHOICE Which statement has the same meaning as the
given statenment?
GIVEN b You can go o the movie after you do your homework,
(&) If you do your homework. then you can go to the movie afterwards.
@) If you do not do your homework, then you ean go to the movie afterwards.
@ 1fyou cannot go to the movie afterwards, then do your homework.

(B> If you are going to the movie afterwards. then do not do your homework.

2.2 Analyze Conditional Staternents
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£3% ALGEBRA Write the converse of cach true statement. Tell whether the
converse is troe, I Talse, explain why,

26, ifxs4, theny> (. 27. KEx <6, then x> =6, 28, lfxs —x thenxs .

29, %k OPEN-ENDED MATH Write a statement that is true but whose converse
is false.

30. CHALLENGE Write a series of if-then statements that allow you to 1
find the measure of each angle, given thatm.2 1 = 90° Use the 4
definition of tinear pairs.

EXAMPLE 1

ansz
i for Exs, 31-32

84

It Exercises 31 and 32, use the information about volcanoes to deternyine
whether the biconditional statement is true or false. If false, provide a
counterexample.

VOLCANGES Solid fragments are sometimes ejected from volcanpes during
an eruption. The fragments are classified by size, as shown in the table.

31, A fragment is called a block or bormb if and only

if its diameter is greater than 64 millimerers, CiTypeet L iDlameisyd:]
Vo fegnrent O eiilinetersh
@Hﬂm_l'rﬂiﬂ_f_ : for problem solving help at dasszone.com : - :
Ash . 4<2
32, A_fr:lgmel}t is cul.ied a ;’(zpzl_h ff:u]d only ifits Lapil 2 edeol
dizameter is less than 64 millimeters. :
¢ Block or homb : d>64

@quefutor - for problem solving hielp af dasszone.com

Y SHORT RESPONSE How can you show thart the statement, “If you play 4
sport, then vou wear a helmet” is false? Explain.

34. % EXTENDED RESPONSE You measure the heights of your classmartes to
get a data set.

a, Tell whether this statement is true; If x and y are the least and
greadest vidues in your data set, then the mean of the data is between
xand y. Explain your reasoning,.

b. Write the converse of the statement in part (a). 1s the converse true?

Explain.

Copy and compiete the statement using mean, median, or maode
to niake a conditional that is true for any daca set Explain your
reRsoning,

o

Statement [fa data set has a nieen, & median, and a mode, then the 2
of the data set will always be one of the measurements,

45. * OPEN-ENDED MATH Fhe Venn diagram
below represents alb of the musicizns at
a high schaol. Write an if-then statement D
that describes a relationship between the U Chors
rarious groups of musickans., RS

Musicians

= WORKED-OUT SOLUTIONS * = STANDARDMZED
on p. W51 TESTPRACTICE



You used induclive reasoning to form a confecture.
You wili use deductive reasoning to fortn a logical argument.
So you can reach iogical conclusions about locations, as in Ex. 18.

Apply Deductive
Reasoning

Key Vocabulary
» deductive

reqsoning

The Law of i)(.lachmenl
is also calied a direct
argument, The Law of
Syllogism is sometimes
calted the chain rule.

Deductive reasoning uses facts, definitions, accepted properties, and the
Taws of logic (o Torm & logical argument, This is different from indiective
reasoring, which uses specific exarmples and patterns to form a conjecture,

PRI

Pieivr

Adrdcdeannaen

Laws of Logic

Law of Detachment

Ifthe hypothesis of a true conditional statement is true, then the conclusion
is also rrue,

Law of SyHoglsm

i hypothesis p, Then conciusion g
">l§'thcﬁe stalements are trug,

i hyputhesis g, then copelusion

if hypothesis p, then conclusion . <—then this statement is true.

_Usethe Law of Detachment

Use the Law of Detachment to make a valid conclusion in the true situation.

a. Hf two segments have the same lengih, then they are congruent, You
know that BC = XY

b. Mary goes to the movies every Friday and Saturday night. Today is Friday.

Solution

a. Because 8C = XV¥satisfies the hypothesis of a true conditional statement,
the conclusion is also true. So, BC = XY

b. First, identify the hypothesis and the conclusion of the first statement.
The hypothesis is “If it is Friday or Saturday night,” and the conclusion is
“then Mary goces to $he movies.”

“Today is Friday” satisfies the hypothesis of the conditional statement, so
you can conclude chat Mary will go to the movies ronight,

2.3 Apply Deductive Reasoning

H
H
j
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‘Use the Law of Syllogism

1f possible, use the Law of Syllogism 1o write a new conditional statement
that follows from the pair of true statements.

a. If Rick takes chemistry this year. then Jesse will be Rick’s kab partner.
1f Jesse is Rick's lab partner, then Rick will get an A in chemistry.

b, ifx® > 25, then &7 > 20,
If x5, then x* » 25,

¢ If a polygon is regular, then all angles in the interfor of the polygon
are congruenty,

1f a polygon is regular, then all of its sides are congruent,

Solution

a. The conclusion of the firse statemont is the hypaothesis of the second
statemen, 8o vou can write the following new statement,

If Rick takes chemistry this year, then Rick will get an A in chemistry,

-'3-‘3’-9!9-55893-5--“---‘:& b. Natice that the conelusion of the second statement is the hvpathesis
The order In which the of the first statement, so vou can write the following new statement.
t statements are given N L :

! does not aftect whether Ifx>5, then x> 20.
i you can use the Law of

H Syliaglsm Neither statement’s conclusion is the same as the other statement’s

hypathesis, You cannot use the Law of Syllogism to write a new
conditional statement.

v
gfintmated Geometry ; at dlassrone com

‘Examples 1 and 2

t/ _ GUIDED PRACTICE _ f

1. If90° < m 2 R < 180° then £ Ris obtuse. The measure
of £ R is 155°, Using the Law of Detachuuent, what P
statement cin you make?

2, If Jenelle gets a joby, then she can afford a car, { Jenelle can afford a car.
then she will drive to school. Using the Law of Syllogism, what statement
can you make?

State the law of logic that is illustrated.

3. If you ger an A or better on your math test, then you can go to the movies.
I you go to the movies, then you can watch your favorite actor,

If you get an A or better on your math test, then you can watch your
favorite actor.

4, W12, then v+ 9> 200 The value of v is [4.

Therefore, x + 9> 20.

ANALYZING REASONING In Geometry, you wiil frequently use inductive
reasoning to make cenjectures. You will also be using deduetive reasoning
to show that conjectures are true or false. You will need to know which
type of reasoning is being used.

88 Chapter 2 Reasoning and Procf



v

! Use inductive and deductive reasoning

€5 ALGEBRA What conclusion can you make about the product of an
even integer and any other integer?

Solution

STEPT Look for a pattern in several examples, Use inducrive reasoning to
make & conjecture.

(—2)(2) = -4, (~1)(2) = -2, 2(2) = 4, 3{2) = 6.
(—2}(—4) = 8, (-1)(—4) = 4, 2{—4} = ~8, J(—~4) = ~12
Conjecture Even integer « Any integer = Even integer

STEPZ  Let nand m each be any integer. Use deductive reasoning to show
the conjecrure is true,

2n is an even integer because any integer multiplied by 2 is even.
2nm represents the product of an even integer and any integer .

2nnr s the product of 2 and an integer Jrn. So. Zunt is an even
integer,

FThe product of an even integer and any integer is an even integer.

Reasoning from a graph

Tell whether the stalement is the result of T e
‘e et o N ) Vistrelestsed 10 Suytace
inductive reasoning ar deductive reasoning. TR et i
Explain your choice, 800 -~
" :
. . 8
i The northern elephant seal requires more | = s00
A g2
strakes to surfuce the deeper it dives. @
s 40D
b. The nortliern elephant seal uses more F
strokes to surface from 60 feer than &
from 250 feet, &

Soluticn

a. [nductive reasoning, because it
is based on a pattern in the data

h. Deductive reasoning, because
you are comparing values that
are given on the graph

GUIDED PRACTICE © for Exampl ndg

5. Useinductive rgasoning to make a conjecture abour the sum of a number
and itself. Then use deductive reasoning to show the conjecture is teue.

6. Use inductive reasoning to write another statement about the graph in
Example 4. Then use deductive reasoning to write another statement.,

2.3 Apply Deductive Reasoning

89



EX% €§§ gg HOMEWGORK! (™) = WORKED-OUT SOLUTIONS
2.3 KEY: on p. W81 for Exs. 7,17, and 21
i % = STANDARDIZED TEST PRACTICE
Exs.2,3, 12,20, and 23

P EXAMPLE 1

onp. 87

: for Exs, 4-6

fonp 88
! for Exs. 7-10

90

i

for £x. i1

Chapter 2

1. VOCABULARY Copy and complete: H the hypothesis of a true if-then
statement is true, then the conclusion is also true by the Lawofl 2 .

* WRITING Use deductive reasoning to make a statement about the picture.

2.

LAW OF DETACHMENT Make a valid conclusion in the situation.

4, Tfthe measure of an angle is 90% then il is a right angle. The measure of
ZA s 907,

5 Ifxe> 12, then —xv < -12, The value of ¥ is 15.

6. 1fa book is a biography, then it is nonficlion, Yoo are reading a biography.
LAW OF 5YLLOGISR In BExercises 7-10, write the statement that fotlows from
the pair of statements that are given.

ifa rectangle has four equal side lengthis, then it is a square, 1fa polygon
is a s(pueare, then it is a regular polygon,

8 ify>0 then2y>0.102y> 0, then 2y — 5 % -5,
g

{f you play the clarinet, then you play & woodwind instrument. I vou play
a woodwind instrument, then you are o musician,

10, = 3, then 5a = (5. Ifin = 1%, thena = 3.

11, REASORING What can you say about the sum of an even integer and an
even integer? Use inductive reasoning to form a conjecture. Then use
deductive reasoning to show that the conjecture is true.

12, % MULTIPLE CHOICE [f two angles are verticai angles, then they have the
same measure. You know that 24 and £ 8 are vertical angles. Using the
Law of Detachinent, which conclusion could you maske?

@ mLA>mLR (B mLA=mLR
&) meaA+ s =000 O mesA+ mAB = 180"
13. ERROR ANALYSIS Describe and correct the error in the argument: “If two

angles are alinear pair. then they are supplementary. Angles Cand D are
supplementary, so the angles are a lineay pair”

Reasoning and Proof



‘Symbolic Notation and
Truth Tables

GoaL Use symbolic notation to represent logical statements.

Key Vocabulary Conditional statements can be writtenr using symbaolic notation, where letiers
» truth vafue are used to represent statements. An arrow (=), read “implies,” conneets the
« trizth table livpothesis and conclusion. Fo write the negation of a statement p you write

the symbol for negation {~) before the letter. So, "not " is writien ~p.

1 Symbolic Notation
12 Letphe “the angle is a right angle” and et g be “the measure of the
> angle ks 9057
1. Conditional 1€ then ¢, P
hé Example: If an angle is a right angle, then its measure is 907,
* Converse It g, then p q - p
Example: If the measure of an angle is 90%, then the angle is a right angle,
Inverse 1f not p, then not q. o} = (]
¢ Example: If an angle is not a right angle, then its measure is not 90°
Contrapositive IF ot o, then not p e~ ~ 13
« It the measure of an angle is not 90°, then the angle is not a right angle.
‘ Biconditlonal pifand only if g nerdg
i Example: An angle is a right angle if and only if its measure is 90°

Let p be “the car is running” and let g be “the key is in the ignition.”

; 1. Write the conditional statement p - ¢ in words,
b. Write the converse g —» p in words.
¢, Write the inverse ~p7 — ~-¢ in words.
d. Write the contrapositive ~g — -~ in words,
Soiution
a. Conditional: If the car is running, rhen the key is in the ignition.
b, Converse: i the key is in the ignition, then the car is running.
e. Inverse: i the caris net running. then the key is not in the ignition,

d. Contrapositive: If the key is not in the igbition, then the car is not running.

94 Chapter 2 Reasoning and Proof



Reason Using Properties
from Algebra

You used deductive reasoning 1o form logical arguments.
You will use algebraic properties in logical argumentis too.
So you can apply a heart rate formula, as in Example 3.

Key Vocabulary

« equation, p. §75

+ solve an equation,
n.a7s

When you sofve an equation, you use properties of real numbers. Segment
tengthis and angle measures are real numbers, so you can also use these
properties to write logical arguments about geomerrsic figures,

Alzebraic Properties of Equality

Leta, b, and ¢ be real numbers,
Addition Property ifa=bthena+c= b+
Subtraction Property fa=bthena -~ c=b - ¢

Multiplication Property  ifa = b, thenac = be.

Division Properly Ifa=hande= 0, then ? = ':’
Subsiitution Property if @ = b, then @ can be substitured for b

in any equation or expression.

-
n
.

4

v
.

v
.
v

£
.
.

Write reasons for each step

Solve 2x + 5 = 20 — 3x. Write a reason for each step.

H Equation Explanation Reason
2o+ 5 =20~ 3% Write original Glven
equation.
Byt ok 3x= 20 - 3r+ 3 Add 3xtoeach Addition Property
side. of Equality
Sx+ 5= 20 Combine like Simplify.
terms.
hv= 15 Subtract 5 from Subtraction Properly
each side. of Equalily
x=3 Divide eacly side  Division Property
by 5. of Equality

»The value of xis 3.

2.5 Reason Usitig Properties from Algebra
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&
4
B
4

Bistributive Property

all -+ ¢} = ab + ac, where a. b, and ¢ are real numbers.,

] Use tile Distrjbufiye Property

Solve —4(11x + 2) == 80. Write a reason for each step.

Solution
Bguation Explanation Reason
—4{1lx + 2) = 8¢  \Write original equation. Given
~44x - 8= 80 Multiply, Distributive Praperty
—44x = 88 Add 810 each side. Additian Property
of Equalily
x= =2 Divide each side by —44.  Division Property

of Equality

FAamated Geometry | at dasszonocom

Use properties in the real world

HEART RATE When you exercise, vour target heart sute should be between

in years. Solve the formula fora.

Solution

Equation Explanation
. r= 0700220 - a)  Write original equation.
r=154 - 0.70a  Multiply.
e 154 = ~0.a Subtract 154 from each side.

ro 1E i i -
i =@ [Yivide each side by —0.70.

50% to 70% of your maximum heart rafe. Your target heart rate rag 70% can
be determined by the formula r = 0.20{220 ~ &) where @ represents your age

Reason
Given
Distributive Property

Subtraction Properly
of Equality

Uivision Property
of Equalily

b/ | GUIDED PRACTICE  for Examples 1,2, and 3

¢ In Exercises 1 and 2, solve the equattion and write a reason for cach step.

1o dv+ 9= -3x+ 2

3, Solvethe formula A = %bh for b.

Chapter 2 Reasoning and Proof
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PROPERTIES The fullowing properties of equality are true for ali real
numbers. Segment lengths and angle measures are real numbers, so these
prapertics of equality are true for segment lengths and angle measures.

Reflexive Property of Equality

Real Numbers For any real numbera, 7 = .
SegmentLength  For any segment AB, AL = AB.

Angle Measure Foranvangle £A, m£A = mLA

R4 e T R

Symumetric Property of Equality

: Real Numbers For any real numbersaand b ifa = b then Ir = a.
Segment Length For any segmcmsm}' and CIL i AB = €, then CD = AB.
i Angle Measure Foranyangles £Aand 28, Hms A = m2 B, then

+ MLR=mLA,

¥ Transitive Property of Equality

. Real Numbers For any real numbersa, b, and ¢, if e = band
+ b= thena=rc
¢ Segmentlength  Forany segments AB, CD, and EF, if AR = CD

and CD = EF, then AR = EF.

Angle Measure Foranyangles A, £ B and £C if mdA = msBand
: mLB=msCothen msA = msC

- Use properties of equality

LOGO You are designing a logo (o sell
daffodils. Use the information given.,
i Determine whether mZEBA = miZ DBC.

Solution
Equation Explanation Reason
mLl = ms3 Marked in diagram.  Given
mLERBA = mZ3+ mZ2 Add measures of Angle Addition Postulate

adjacent angles,
mAEBA = mel+ms2 Substitute m1 for  Substitution Properly
ma3, of Equmlity

mek + mLd = msDBC Add measures of Angle Additien Postulaie
adjacent angles,

nt£EBA = ms DBC Both measures are Transitive Property
equal to the sum of  of Equality
mal b L,
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Use properties of equality

In the diagram, AB = CD. Show that AC = BD, s 7
i & i Y
A B c 0
boo— By
Solution
Equation Explanation Reason
AB = (D Marked in diagram. Given
AC= AB + BC Add lengihs of Segment Addifion
adjacent segmeits. Posiutate
BD = BC+ CD Add lengrhs of Segment Addilion
adjacent segntents, Postulate
AR+ RC = Qo+ BOC Add BC to each side of  Addition Property
AB = CIL of Equality
AC = BD Substiture AC for Substitution Property
AB+ BCand BD for of Equality
BC+ CD.

&/5 GUIDED PRACTICE | forExamplesd4ands

Name the property of equality the statement illustrates.
: 4, Wi G = mL7. then m£7 = ms6.
5. IfJK= KLand Ki.= 12, then JK = 12,
LG ms W= maW

€E§ Eg HOMEWORK! (7} = WORKED-OUT SOLUTIONS

2.5 EXE

HEY; on p.Ws1 for Exs. 9, 21, and 31 Z
* = STANDARDIZED TEST PRACTICE E
H Exs. 2, 5,27, and 35 :
g@ = FULTIPLE REPRESENTATIONS ¢
i EX. 36

1. voCABULARY The foblowing statement s true because of whag property?
The measure of an angle is equal to itself.

2, % WRITING Explain how w check the answer to Example 3 on page 06,

EXAMPLES WRITING REASONS Copy the logical argument. Write a reason for each step.
Tand2

3, Br~i2=T7x+8 Given 4, Hla - 1) =4dr+ 13 Given

for Exs.3-14 gy~ 12 = 8 LR ——
i = 20 2 x=5=13 P

v —5 P X = 18 2.
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5.

* MULTIPLE CHOICE Name the property of equality the stutement
illustrates: [f XV = AB and AR = GH, then XV = GH.

(B> Substitution  (B) Reflexive @& Symmetric (O Transilive

WRITING REASONS Solve the equation. Write areason for each step.

6. 55~ 10 = —40 7. 4r+9= 16— 3x B. 5{3x — 20) = —10
i @3{2):-{- =9 10. 2(-x~ 5] = 12 11. 44~ 2(3x + 4) = ~18x
T 4lhy —9) = ~2{x + 7 13, 2y~ 15 - v =21 + iy 14, 3(7x =~ 9} = {9y = ~15

VEXAMPLE3  €F ALGEBRA Solve the equation for y. Write a reason for each step.

L onp. 106 |15, Byt = ey 2p 1 — 3p = 30x
{ far Exs. 15-20 15, S5x+py=18 16. X+ 2p=§ 7. 12— 3y = 30x

{18, 3%+ v e =7 19. 2y + 0.5 = 16 20, %_\.m %yz -2
! EXAMPLES COMPLETING 5TATEMENTS In Exercises 21-25, use the property to copy and
t4and s complete the statement.

{ on pp. 107-108
! for Exs. 21-25
22

23.
24,
25.

28.

27.

| @ Substilution Property of Equality: IFAB = 20, then AB+ CD = _2_.

Symmetric Property of Equality: fmg L = m22, then_2

Addition Property of Equality: If A8 = CD, then 2+ EF=_2_ + LK
Distributive Properoy: IfS(v + 8} = 2, then_2_x+ _3 = 2,
Transitive Propertyof Equality: Ifms Ll = me2and m£2 = mZ3,

then _% .

ERROR ANALYSES Describe and covrect the grrov in solving the equation
for x.

Tx=x+ 24 Gilven
By = 24 Addition Property of Equality ><
v=23 Division Property of Equality :

¥ OPEN-ENDED MATH Write examples from your everyday life thar could
help you remember the Reflexive, Spannetric, and Trensitive Properties of
Equality.

PERTMETER In Exercises 28 and 29, show that the perimeter of triangle ABC
is equal to the perimeter of triangle ADC,

30.

A 29, A n B
6 "¢ 8 o " C
CHALLENGE [n the figure at the right, v
AV XW ZX = 5y 4 17, YW= () - 2x,
and ¥X = 3. Find ZY and XW.
| ]
z ' v ox w

2.5 Reason Using Properties from Algebra
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Key Vocabulary

= proof

« two-column proof
+ thegrem

{ Writing a two-cofunin
i praof is a formal way
i of organizing your

i reasons to show a

i statement is true.

112

You used deductive reasoning.
You wiil write proofs using geometric theorems.

5 you can prove zmg!es are congruent, as in Ex. 21.

Prove Statements about
Segiments and Angles

{ WRITE PROOFS

A proofis i logical argument that shows a statement is true. There are several

formats for proofs. A two-column proof has membered statements and

corresponding reasons that show an argument in a logical order,

In & two-columin proof, each statement in the left-hand column is either given

information or the result of applying a known property or fact ta statements
already made. Bach reason in the right-hand column is the explanation for

the corresponding statement.

GIVEN b i1 = ms3

STATEMENTS

PROVE B 12 EBA = me DBC

Write a two-column proof

Write & two-column proof for the
situation in Example 4 on page 107.

REASQONS

l.mLl=m<3

24

o

o L EBA = s DRC

1. Four steps of a proof are shown.

2. MEEBA = m&£3 + me
B mELEBA = LY+ mLl
Lo MLl R e d s il DBC

GIVEN ¥ AC= AB 1+ AB

GuiDED PRACTICE  for Example 1

1. Given

2, Angle Addition Postulate

[ )

. Substitution Property of Equality
« Angle Addition Postuiate

5. Transitive Property of Equality

sive the reasons for the last two steps,

PROVE ¥ AR = BC A 8 ¢
STATEMENTS | _REASONS

. AC = AR+ AB 1. Given

2. AR+ BC= AC i 2, Segment Addition Postulate
3. AR+ AB= AB+ BC - N

4. AB = BC boa 2

Chapter 2 Reasoning and Proof



THEOREMS The reasons used in a proof can include definitions, properties,
postulates. and theorems. A theorem is a statement that can be proven.
Once vou have proven a theorem, you can use the theorem as a reason in
nther proofs.

PTAKENOTES oo
i Be sure to capy all

I new theorems in your

: notebook. Notice that

: the theorem box tells

i you where to find the
i proof(s).

TuEOREM 2.1 Congruence of Segments

Segment congruence is reflexive. symmetric, and transitive.

Civadndrattdiadndifididddntitretnanig At

Reflexive For any segment AR, AB = AR.

symmetric AR = GD, then CIJ &2 AB.

Transitive  1fAR = CDand €D = EF, then AF = EF,
Proofs: p. 137; Ex. 5, p. 121: Ex. 26, p. 118

THEGREM 2.2 Congruence of Angles

Angle congruence is reffexive, symumetric, and transitive.
Reflexive Forany angle A, <A = 24,
Symmetric A= o8 then£B= A,
Transitive ferdzmsBand £Bx £, then £Az £,

i

Proofs: Ex. 25, p. 118; Concept Sunumary, p. 14 Ex. 21, p. 137

P

Name the property shown

Name the property illustrated by the statement.
a lflsl=cTand LT P then £ Rz= £
b. If NK = BD, then BD = NK.

Solution

a. ‘Transitive Property of Angle Congruence

b. Symmetric Property of Segment Congruence

¢ Name the property illustrated by the statement,
2 To=CO
{8 WLQ= 4V then £V £Q.

in this lessan, most of the proofs involve showing that congruence and
equality are equivalent, You may find that what you are asked to prove seems
to be abvicusly trae. It is important w practice writing these proofs so that
you witl be prepared to write more complicated proofs in later chapters.
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Use properties of equality

Prove this property of midpointss If you know that M is the midpoint of 4B,
prove that A3 is two times AM and AM is one halfof AR,

[ WRITE PROOFS ..n
! Befare wrliing a proof,

i organize Your reasoning |
! by copying or drawing
; adiagram for the ;
i sltuation described. t

{ Then Identify the GIven | STATEMENTS

GIVEN P M is the midpoint of AB. p o B
PROVE ¥ a. All =2« AM

b, AM = 1 AR

REASQNS

i and PROVE statements,
2. AM = AIB
3, AM = MB

4. AM + MB = AR
5. AM 4+ AM= AR

a. G, 2AM = AB

b. 7. AM = %AH

/ | GUIDED PRACTICE = for Example3

1. M is the midpoint of AB.

1. Given

2. Definition of midpoint

3. Definition of congraent segments
4. Segment Addition Postulate

5. Substitution Property of Equality
6. Distributive Property

7. Division Property of Bquality

4, wHAT 1F? Look back at Example 3. What would be different if you were

proving that Al = 2 « M and that M8 = %i'l[.i'i]lSl{fild?

Writing a Two-Lolumn Proof

h ok kAR

In & proof, you make one stalement at a time, untll you
reach the conclusion. Because you make slatements based
on facts, you are using deductive reasoning. Usually the first
statement-and-reason pair you write is given information.

GIVEN P 21w £ 2
PROVE P 2 - 0

Nanndidag

STATEMENTS .

Statements based "1_ Sl o2

o facts that

you kiow of gy 2, MLl = L2
[« on conclusions .omL2=mLl
- from deductive 4 e )
1easoning f cE

CAianiadn

EE

Tiie number of
statemnents witl vary

R
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Proof of the Symmetric Property of Angle Congruence

; Copy or draw diagrams and
{Tabel given intorination 1o help |
devefop proofs

REASONS

h Definitions,

s ; siulates, or proven
2, Definition of congruent angles | pos :
8 & 7 theorems that

3. Symmetri erty of Equality |

8. Sy n}n}n‘mc P‘ropL R 1 ¥ i aliow you lo state
4. Definirion of congruent angles - the corresponding
T stateniens

Remember to give a reason
for the fast statement.

1, Given



NOTHER WAY

or an alternative
method for solving the
probleny in Exampie 4.

i s 10 page 120 for
i the Prablem Solving

: Workshop,

Solve a multi-step problem

SHOPPING MALL Walking down @ hallway at the mall, vou notice the music
store is halfway between the food court and the shoe store. The shoe store is
halfway between the music store and the bookstore, Prove that the distance
Between the envances of the food court and music store is the same as the
distance berween the entrances of the shoee store and bookslore,

Solution

STERPT

STERPZ

| sTes

| GUIDED PRACTICE | for Exampled

Draw and label a diagram.

fond MUSIE Brankstate
court stare
A 8 c D

Draw separate diagrams to show mathemaricad relationships.

—l ! o . ... »or——t——H—a
A & ¢ D A 8 LD

State what is given and what is to be proved for the situation.
Then write a proof.
GIVEN B 8 is the midpoint of AC.
Cis the midpoint of BD.
PROVE b AB = CD

STATEMENTS REASONS
1. Bis the midpoing of AC, 1. Given
Cis the midpaint of BD.
2. Al =BC 2, Definition of midpoint
3. BC=CD 3. Definition of midpoint
4. AB= D 4. Transitive Property of Congruence
5. AL = CD 5. Definition of congruent segments

i " < . R
i B, G Example 4, does it mateer whar the actual distances are in order to
: ! ¢
| prove the relationship between AR and CD? Explain.

6. In Example 4, there is a clothing store halfway between the music store
and the shoe store. What other two store entrances are the same distance

from the entrance of the clothing store?
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gXE €E§ Eg HOMEWORK! () = wORKED-OUT SOLUTIONS
2.5 HEY; on p. WS1 for Exs. 7, 15, and 21 |

i % = STANDARDIZED TEST PRACTICE
Exs. 2,4, 12, 19,27, and 28

sy

1 Lo vocapuLArRY Whatis a theorem? How is it different from a postulare?

2, % WRITING You can use theorems as reasons in atwo-column proof,
i What ether types of stalements can you use as reasons in a two-column
proof? Give examples,

{ EXAMPLE 1 { 3. DPEVELOPING PROOF Copy and camplete the proof.

;onp Ti2 ; CIVEN ¥ AB = 5, BC= 6

i for Exs. 3-4 A 5 ] & 3
PROVE b AC =11 ‘
STATEMENTS | _REASONS
L AB=56B0=6 | 1 Given
2, AC = AR+ BC | 2. Segment Addition Postulate
B ACE5+6 | s _z2_
4, 7 b Simplily,

4, % MULTIPLE CHOICE Which property listed is the reason for the last step
in the proof?
GIVEN b 1L | = 58% m&2 = 59°
PROVE ¥ mL] = ms2

i

REASQONS
1. Given
2, Synumnetric Property of Equality

STATEMENTS

1.z =59 ms2 = 59°
2,59 = 22

JomLl = mL

3,3
(&Y Transitive Property of Equality (B} Reflexive Property of Equality

(G Symmetric Property of Eguality (0} Distributive Property

EXAMPLES | USING PROPERTIES Use the property to copy and complete the statemeni.

5. Reflexive Property of Congruence: 2 &= SE

forExs.5-13 6. Symmetric Property of Congruence: 1_?_ =2, then £ZRST = £ JKL.
@’I'ramsilive Property of Congruence: If £ F 2 Sfand 2 = 1 then
£F= sl
MARING PROPERTIES Name the property illustrated by the statement.
8. 106 = CT, then CT = DG. 9, LVWY = £1VWX
10, I§TR = MNand MIN = XV, then JR= XY 11, YZ =2V
12, % MULTIPLE CHOICE Name the property itlustrated by the statement
“FCD = MN, then MN = DV
CAY Reflexive Property of Equality (B} Symmetric Property of Equality

@& Symmerric Property of Congruence (O3 Transitive Property of Congruence
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13.

! for txs. 14=15

14,

20

ERROR AMALYSIS In the diagram below, AN = T} and LQ = BN, Describe
and correct the error in the reasoning.

e - L M
Because MN 2= LQ and LQ = PN,
then MN =2 PN by the Reflexive ><
Property of Segment Congruence.
] P N

PEXAMPLE 4 MAKING A SKETCH In Exercises 14 and 13, sketch a diagram that
np 115 ! represents the given information.

CRYSTALS The shape of & orystal can be
represented by intersecting lines and planes.
Suppose a crystal is cubic, which means it can
be represented by six planes that intersect at
right angles.

BEACH VACATION You are on vacation at the
beach. Along the boardwalk, the bike rentals are
halfway berween your cotiage and the kite shop.
The snack shop is hndfway between vour cottage
and the bike rentals. The arcade is halfway
between the bike rentals and the kite shop,

. BEVELOPING PROOE Copy and complete the proof [if

GIVEN B BT =5 RS =5 RT= T8
PROVE B 11§ = 15

T s
STATEMENTS | REASONS 3 . o
1. K= 5 K8 =5 T=T8 L B
2, B8 = RT 2, Transitive Property of Equality
30T =1T8 3. Definition of congruent segments
4. RS =18 4. Transitive Property of Eguality
5, RS = T8 IoE 2

ALGeEERA Solve for x asing the given information, Explain your steps.

. GIVEN b OQff = PO, 1S = FQ I, GIVEN b mZABC = 90F

;\.——O/"S 4
10 - 3¢ y

Gx
@ 2x+5 R — {3x - 8}*
B [

, % SHORT RESPONSE FEyplain why writing a proof is an example of

deductive reasoning. not inductive reasoning.

CHALLENGE DPobmt #is the midpoint of MN and point € is the midpoint
of MP Suppose A8 is congruent to AP, and PN has length x. Write the
lengih of the segments in terms of 3. Explain,

a AR b, AN e. MQ d. NQ

2.6 Prove Statements about Segments and Angles
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